The Fourier cosine and sine transforms are extended to these Boehmian spaces consistently and their properties are established.
Introduction
Let N, R and C be the sets of natural, real and complex numbers respectively. For a suitable function f on [0, ∞), the Fourier cosine and sine transforms [11] are defined by respectively. For more details about Fourier cosine and sine transforms, we refer the reader to [11, 12] and for various types of convolutions and convolution theorems for Fourier cosine and sine transforms we refer to [2, 4] . On the other hand, motivated by the concept of regular operators [1] , the theory of Boehmians was introduced in [5] . Two notions of convergence on the space of Boehmians and their properties are discussed in [6] . Further, many integral transforms have been defined and studied on various Boehmian spaces. A complete list of references on Boehmians is available in http://math.ucf.edu/∼piotr/Boehmians.pdf.
In the present article, we construct a Fourier cosine transformable Boehmian space and a Fourier sine transformable Boehmian space by proving all the required auxiliary results. Further, we extend the Fourier cosine and sine transform on these Boehmian spaces consistently and discuss their properties.
This paper is organized as follows. In Section 2, by recalling the theory of Fourier cosine and sine transforms from [11] , we first point out that Fourier cosine and sine transforms are linear, continuous, injective mappings from L 1 ([0, ∞)) into C 0 ([0, ∞)). Then, we characterize the range of Fourier cosine and sine transforms on L 1 ([0, ∞)) and we also prove some results involving Fourier cosine and sine convolutions. In Section 3, we construct Fourier cosine transformable and Fourier sine transformable Boehmian spaces B We also obtain characterization theorems for the range of extended Fourier cosine and sine transforms on Boehmians.
Fourier Cosine and Sine Transforms on L 1 ([0, ∞))
We first observe that C(f ) ∈ C 0 ([0, ∞)) and
, ∀x ≥ 0 and g(x) = 0, ∀x < 0. Then g ∈ L 1 (R) and hence its Fourier transform F(g) ∈ C 0 (R). By using the definition, we get 
. From these observations, we have the following proposition.
linear, one-to-one and continuous.
Definition 2.3.([11])
The Fourier cosine type convolution is defined for f, g ∈
Proof. By using Fubini's theorem, we obtain
(by using the change of variables y = x + t and z = x − t)
(by putting y = −z in the second integral)
Proof. By using Fubini's theorem and suitable change of variables, we get
Theorem 2.8.(Convolution theorem for Fourier cosine transform [11] 
By using the change of variable, u = x + y, we get 
Using the previous argument, the second term in (2.2) tends to 0 as y → 0. On the other hand, for 0 ≤ x ≤ y < δ 3 , we have |y − x − x| ≤ 3y < δ and hence
Thus the lemma follows.
2
Proof. Let ϵ > 0 be given. Using Lemma 2.9, we choose a δ > 0 such that
Next, using the property (P 3) of (g n ), we also find a positive integer N such that
Theorem 2.11. A necessary and sufficient condition for
where
Proof. Assume that the sequence (f n ) of functions as defined in (2.
. Since (g n ) satisfies the properties (P 1), (P 2) and (P 3) in the hypothesis of Theorem 2.10 (see [3, pp.137-138 
(using the change of variables s = y − z in the first integral and t = y + z in the second integral)
Theorem 2.15.(Convolution theorem for Fourier sine transform on
Theorem 2.17. Under the hypothesis of Theorem 2.10, we have f
Then, using the property (P 3) of (g n ), we have, for each s > 0, lim
which tends to zero as n → ∞, by using Theorem 2.10. 2
Now, we present a characterization theorem for the range space of the Fourier sine transform on
Using the continuity of S, we get S(f ) = lim
Conversely, assume that there exists f ∈ L 1 ([0, ∞)) such that F = S(f ). Now following the notations in the proof of Theorem 2.11, we get
Since (g n ) = (π −1 C(k n )) satisfies properties (P 1), (P 2) and (P 3), applying Theorem 2.17, we obtain that
Boehmian Spaces
Before starting this section, we briefly recall the general construction of Boehmian space and two notions of convergence in the context of Boehmian space from the literature [6, 9] .
Let G be a topological vector space, (S, * ) be a commutative semi-group, ⋆ : G × S → G satisfy the following conditions.
Let ∆ be a collection of sequences from S with the following properties.
The collection of all equivalence classes induced by ∼ on A is called the Boehmian space B = B(G, (S, * ), ⋆, ∆) and any element of B is
. We identify G as a subset of B, through the identification
α ∈ C and η ∈ S, we also define 
Definition 3.2. A sequence (X n ) of Boehmians is said to δ-converge to
X in B (denoted by X n δ → X as n → ∞) if there exists (δ n ) ∈ ∆ such that X n ⋆ δ k , X ⋆ δ k ∈ G, ∀n, k ∈ N and for each k ∈ N, X n ⋆ δ k → X ⋆ δ k as n → ∞ in G.(δ n ) ∈ ∆ such that X n = [ (f n,k ) (δ k ) ] , X = [ (f k ) (δ k ) ] and f n,k → f k as n → ∞ in G, ∀k ∈ N.
Definition 3.4.
A sequence (X n ) of Boehmians ∆-converges to X in B (denoted by X n ∆ → X as n → ∞) if there exists (δ n ) ∈ ∆ such that (X n −X)⋆δ n ∈ G, ∀n ∈ N and (X n − X) ⋆ δ n → 0 as n → ∞ in G. Now we prove some auxiliary results required to construct the Fourier cosine transformable Boehmian space 
Proof. Let δ > 0 be given. By property (c) of (δ n ), (P 3) holds true for (δ n ). Thus from Theorem 2.10, we get f
The second term in the right hand side of the above inequality tends to zero, by the previous lemma. Using the estimate ∥f * c g∥ 1 ≤ ∥f ∥ 1 ∥g∥ 1 (See the proof of
Proof. Using Fubini's theorem, we get
By a similar argument, it is easy to verify that
Thus the Fourier cosine transformable Boehmian space B (t) , ∀t ∈ [0, ∞), ∀n ∈ N, then (ϕ n ) ∈ ∆ + and hence C(ϕ n ) → 1, uniformly on compact subsets of [0, ∞), which will be proved later in Lemma 4.1. Since * c is commutative, we have ϕ m * c ϕ n = ϕ n * c ϕ m , ∀m, n ∈ N. That is ∞) ). Next, we prove the auxiliary results required to construct another Boehmian space
Proof. Since (δ n ) ∈ ∆ + satisfies (P 1), (P 2) and (P 3), the proof directly follows from Theorem 2.17. 2
Proof. Using Lemma 2.13, Lemma 2.4 and Lemma 3.9, we obtain the proof of this lemma which is similar to that of Lemma 3.6. 2
Thus, we constructed the Fourier sine transformable Boehmian space B 1 s .
Then f is bounded,
. Choose a smooth function ψ
To justify the example, we first claim that
Applying similar arguments as in the proof of Lemma 2.14 and using Lemma 2.6, we get (f
Thus, we obtain that X ∈ B 
Extended Fourier Cosine and Sine Transforms
First, we prove the following lemma which will be required to define the extended Fourier cosine and sine transforms.
This completes the proof. 2
c , we define the extended Fourier cosine transform C(X) by
Note that the above limit exists. Indeed, given a compact subset K of [0, ∞), some k ∈ N can be chosen so that
Thus the above limit is independent of the choice of representatives of X. Further, by using the fact that C(f n ) converges uniformly on compact subsets of [0, ∞), we have
Theorem 4.3. The extended Fourier cosine transform
Applying Fourier cosine transform on both sides, we obtain 
Proof. Assume that
c are such that C(X)(t) = C(Y )(t) for all t ∈ [0, ∞). From Lemma 4.4, we have C(δ n )(t) · C(X)(t) = C(f n )(t) and C(ψ n )(t) · C(Y )(t) = C(g n )(t), ∀n ∈ N and ∀t ∈ [0, ∞). Thus for n, m ∈ N and 
. Let H and r be as in the previous argument. As the Fourier cosine transform is continuous from
Then, a necessary and sufficient condition for
By using the proof of the necessity part of Theorem 2.11, we get
, then necessity follows from Lemma 3.1.
To prove the sufficiency part, we assume that there exists X =
c . This implies
, for each fixed m ∈ N. By using similar arguments to those involved in the necessity part, we get (g n * c ψ m ) = C(f n,m ), where f n,m (t) = χ [0,n] Since the proofs of the following six theorems are analogous to those of the corresponding theorems for the extended Fourier cosine transform on B 
